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Abstract Rare earth metals exhibit a rich specmm of buk magnetic order. When they are 
multilayered, these merals offer the possibility of producing a wide variety of tunable magnetic 
properties. We present an analysis of the magmetic excitations appropriate to the ferromagnetic. 
spiral and antifemmagnetic phases of such multilayem. We find that the interfaces play a 
very imponant role in determining Lhe ground m e  of the system, and systems with identical 
spin equilibrium configurations can also have significantly different spin excilalions. suggesting 
corresponding differences in their thermodynamic properties. 

The fabrication of high quality magnetic multilayers have recently been successfully carried 
out for both rare earth [I] and transition metals [Z], as well as for rare-earth-transition 
metals [3]. It has been found that in all these systems a long range RKKY based exchange 
interaction exists across magnetically inert layers such that a long range magnetic coherence 
remains 141. In particular, experimental results on Ho/Y [5] multilayers have shown that 
the magnetic order extends over many multilayer periods and the spin order undergoes 
bulk transitions from a paramagnetic phase at high temperatures, through a spiral phase 
in intermediate temperatures to a spin slip phase at low temperatures. These and other 
experimental results [ I ]  have shown that significant differences in the equilibrium spin 
configurations of the multilayers from the bulk configurations are common, and initial 
theoretical analysis 161 has indicated that these differences are due to a complex interplay 
between interface exchange and the bulk exchange behaviour. Also important in these novel 
spin systems is an understanding of the dynamical properties of the magnetic excitations 
which play a strong role in determining the thermodynamical as well as transport properties. 
A number of approaches have been developed for purely ferromagnetic or antiferromagnetic 
systems [7]. In this paper we present results on the excitations in the spiral phase of a rare 
earth magnetic multilayer. We find that firstly interface effects are strong even in the 
simple spiral phase, and secondly that two systems with identical static equilibrium spin 
configurations can have significantly different excitation spectra. 

The system we consider consists of slabs of N atomic layers of a magnetic rare earth 
metal such as Dy or Ho separated by layers of a magnetically inert material, typically Y, 
repeated to form a multilayer. The materials have HCP symmetry with a long range RKKY 
exchange interaction between the localized 4f moments. In the bulk this leads to a rich 
magnetic phase diagram [E] which may be modelled readily by an n-nearest-neighbour 
Heisenberg model H = -: Cij Jli-jl Si S, with +,I # 0 for li - jl < n. For the spiral 
phase it is sufficient to haven = 2. though in real systems further neighbour interactions may 
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be significant [9. IO]. The intra-plane exchange constant JO is usually positive, giving rise 
to ferromagnetically ordered layers, and a competing interaction exists between the nearest- 
neighbour inter-plane interaction JI and the next-nearest-neighbour inter-plane interaction 
JZ leading to the development of a spiraling of the spin moment between adjacent layers. 
In a multilayer, the exchange across magnetically inert layers can be replaced by a set 
of effective interface exchange coupling constants I1i-j). Our starting point is therefore a 
Heisenberg Hamiltonian with second-nearest-neighbour interactions and a strong easy plane 
anisotropy so as to produce a planar spiral, 
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1 H = -- J.. ‘I Si * Sj + B C(S[)’. 
i.j 

The exchange constants J i j  take on values J. - Jf!; for i, j on the same side of an 
interface, and Jij = Ili- j l  for i, j on opposite sides of an interface, see figure 1. The 
c-axis of the hexagonal unit cell is in the plane of the paper, perpendicular to the interface. 
Since we are interested in the spiral phase, a natural way to proceed is to use the Villain 
representation [ 1 1 J 

!J -. 

S: = m e i i @ )  (2) 

where S: and S; are spin raising and lowering operators and the operators Sf, .$i denote 
the out-of-plane magnetization and the in-plane polar angular displacement respectively. 
They obey the commutation relation [Sf ,  .$j] = - S i j  with h = 1. In this representation the 
Hamiltonian, equation (1). may be expanded in powers of ISf/Sl << 1 to give 

where .$ij = @i -@j is the polar angle between spins i and j .  The equilibrium configuration 
may be obtained by minimizing the expectation value of the first term with r$i, replaced by 
the equilibrium angles 6;. To examine the excitation about the equilibrium configuration 
we first rewrite the displacement operators S; and @( in terms of bosonic operators ai and 

f 
ai 

where [ai,nfl = S i j .  To second order in the excitations the Hamiltonian, equation (2). 
becomes 
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Flgure 1. Schematic remesentation of a multilayer SYS- 
tem with repeats of N liyersof magnetic materials. The 
solid lines represent atanic planes of magnetic atoms. 
the dotled lines represent interfaces (magnetically inen 
spacers). The cdxis of the hexagonal unit cell is in the 
plane of the paper. perpendicular to the interface. 

For the ferromagnetic, 4: = 0, or antiferromagnetic, 4;. = IT, phase this Hamiltonian 
reduces to the Holstein-Primakoff spin-wave Hamiltonian such that the two limits are 
naturally represented in our approach. Treating the multilayer as a superlattice with an 
infinite number of repeats the quadratic Hamiltonian may be diagonalized by first Fourier 
transforming to give 

J ,J (S(S  + l))/2), density of states and equilibrium 
spin wnfiguration for the bulk system. 

The matrices A,,(k) and B,,(k) are Hermitian and k is the three-dimensional wavevector 
in the superlattice. A Bogoiiubov-Tyablikov transformation [ 121 

where [cn,t, 
magnetic layers in one multilayer repeat, reduces the Hamiltonian to diagonal form 

= S.,6(k - q )  and the indices n, m run from I to N, the total number of 

H = CM4&hl.t. (8) 
1.k 

The excitation energy q ( k )  for the lth mode with wavevector k is given by the non-Hemitian 
eigenvalue equation 

[(An, - EI(k)Snm) ~ f m  - 2 B n m ~ ~ ; ~ l  = 0 

The excitation's creation operator may also be expressed in terms of the spin displacements 
operators using equation (3) 
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J!&CS t I))/Z), densities of stales and equilibrium 
spin configurations for the multilayer systems. The 
upper two seu of diagrams correspond to a strong (top 
se0 and a weak (middle set) interface coupling with 
N = 10, the lowen set corresponds to a weak interface 
coupling with N = 6. Details of lhe parameters are 
given in the texr 

The energy dispersions (in units of Figure 4. The amplitude of the angular displacements 
8 & ~  for the highest energy (circle) and !he second 
highest energy (square) stak at the r paint for the 
N = IO multilayers. The filled spbols are for the 
strong interface system. and the open spbols are for 
the weak interface system. 

In the following we shall consider a bulk system with JalojJ~ = 0.3, Jz/Jr = -0.8, 
B /  31 = 0.3, multilayered with nearest-neighbour interface exchange only. The qualitative 
behaviour in the multilayers will be illustrated by considering the limits of a strong 
interface exchange, a weak interface exchange and a short multilayer period. Next-nearest- 
neighbour exchange across the interfaces will be neglected. The bulk behaviour with these 
parameters is shown in figure 2. The equilibrium spin configuration in this case consists of 
femmagnetically ordered layers with a uniform inter-plane spiral angle of 24.4” between 
adjacent layers as shown in the bottom of figure 2. Here each arrow represents the orientation 
of the spins in the ferromagnetically ordered layers. The two vertical lines represent the 
positions of the interfaces of a multilayer system with N = 10, which will be considered 
below. From the energy dispersion we can see a strong dispersion along the c-direction 
(the r-A, M-L and the K-H lines, see, for example, reference [9] for the symmetry points 
Of the Brillouin zone). The density of states for the bulk system is shown to the right of 
the energy dispersion. The results show the usual behaviour for a threedimensional system 
with cusp-like van-Hove singularities at the band edges and a prominent peak in the density 
of states corresponding to the band edge at the H point. 

The results for the multilayers are shown in figure 3. In the upper two sets of 
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diagrams the energy dispersions and densities of states for two El = 10 multilayers are 
shown. The top and the second sets of figures correspond to the case of a strong interface 
exchange, I I I J I  = 2, and a weak interface exchange, I , / J I  = 0.1, respectively. For 
both systems we have set I2 = 0 such that their equilibrium spin configurations, plotted 
below the dispersions, are identical. It is clear, however, that despite this similarity in 
their equilibrium configurations the magnetic excitation spectrum for the two systems are 
substantially different. In the system with the strong interface coupling, the top diagrams, 
there is a large dispersion along the c-axis (r-A line) which is noticeably missing in the 
weak interface multilayer. The strong dispersion also pushes the energy of highest band 
past the top of the energy spectrum of the pure system, leading to a band of states strongly 
localized to the interface. This is clearly demonstrated in figure 4, where the amplitude 
of the angular displacements 8bn,k of the spins in the.multilayers are plotted for the two 
highest energy states at the r point for both systems. For the weaker interface system we 
find that the displacements for the highest and the next highest energy states correspond well 
to what one expects from quantum well states with hard walls. Since only the amplitude 
is plotted the displacement in the highest energy state corresponds to that expected in the 
lowest energy quantum well state. In the strong interface coupling case, the highest energy 
state has displacement amplitudes which decay exponentially as one moves away from 
the interface. This behaviour is also reflected in the out-of-plane displacements Si.k and 
corresponding to an interfacially localized state. For states with other wavevectors in this 
band, this decay may be less rapid, but the localized nature remains. The presence of 
such a band of interfacial states should affect the high temperature thermodynamics of the 
multilayer and may be probed experimentally with optical techniques [13]. 

The density of states for both multilayer systems show substantial broadening of the 
peak found in the pure system, with many subsidiary peaks appearing over the broadened 
background. These peaks arise as a result of the mixing due to the folding of the 
bandstructure. In particular, the doubly degenerate A-LH band in the p w  system is 
folded into the T-M-K states and mixed, splitting and pushing the peak up in energy in 
the density of states at the H point. In the weaker coupling system there is, in addition, the 
development of a pseudogap in the spin excitations corresponding to a partial splitting of 
the degeneracy at the K point (the splitting is also seen in the H point of the superlattice 
since the two points fold into each other). In the strung interface system there is a similar 
pseudogap at a higher energy. However, in this case the states with energies above this 
belong to the band of interfacial states. We note further that the behaviour of the equilibrium 
spin configuration is significantly different from that of the bulk material. The inter-plane 
spiral angle in the multilayer vanes continuously from 0" at the interface to 17" at the centre 
of the magnetic layers in contrast to the bulk value of 24.4". It is easy to show that the 
effects of the interface may persist into much thicker multilayer systems. 

Finally, the behaviour for an N = 6 superlattice with a weak interface coupling, 
I I / J I  = 0.1, is shown in the bottom diagrams of figure 3. The most striking feature of this 
system is the appearance of a fully ferromagnetically ordered equilibrium state despite the 
antiferromagnetic frustration. This is because for a given set of bulk and interface exchange 
parameters in the spiral phase there exists a critical number of magnetic layers below which 
the ferromagnetic phase is more stable. With the equilibrium configuration significantly 
modified in the present system the effects of the multilayering on the magnetic excitations 
is expected to be stronger. An examination of the dispersion reveals this to be indeed the 
case. Firstly, the excitations at long wavelengths now behave as F(k) - kZ in contrast to 
the linear dispersion in the spiral phase. The effect of this on the density of states, however, 
is hidden by the ferromagnetic intra-plane excitations such that the implications on the 
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thermodynamic behaviour is unclear. Secondly, the pseudogap in the previous system with 
a weak interface has now developed fully into a sizable gap in the middle of the bulk 
excitation spectrum, with a strong peak in the density of states lying just above it. This 
peak corresponds to a well defined quantum-well-like state and not to any interface state. 
That is, the amplitude of the spin displacements do not show any tendency to localization at 
the interfaces. The strength of the peak is due to the severe flattening of the bandstructure 
at that energy. 

In conclusion, we have examined the spin excitations in magnetic multilayers in rare 
earth systems in the spiral phase. Our method spans naturally across the full range of 
ferromagnetic, spiral and antiferromagnetic phases and our results show that multilayering 
can lead to substantial modifications of the equilibrium spin configuration as well as in 
the magnetic excitations. The spin displacements in the multilayer take on quantum-well- 
like behaviour, and interfacial states, where the displacement amplitudes are limited to the 
interface region, may also be formed. The density of states show a complex splitting of the 
bulk structure, with a combination of two-dimensional singularities and steps due to saddle 
points and band edges, and three-dimensional cusp-like van Hove singularities. 
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